1. Recurrence/transience criteria. Let (E,.F), {Tt, t > 0}, and M be a regular Dirichlet form on L2 (E; m), the corresponding Markovian semigroup on L2 (E; m), and the Markov process associated with (E,.F), respectively. Here E is a locally compact separable metric space and m is a Te f dt = 0 or Dc [resp. < Dc] m-a.e. E E, for any f E L+1 (E; m), where L+1 (E, m) is the set of nonnegative functions in Ll(E; m). In this paper we give a simple necessary and sufficient condition for which M is recurrent/transient when M is a skew product of a one dimensional diffusion process R and the spherical Brownian motion 0 with respect to a positive continuous additive functional of R. We denote by X the skew product as above. Further we show that the same condition is necessary and sufficient for which a time changed process Y of X is recurrent/transient.
In [5] , we treated the skew product X and the time changed process Y. We discussed there their Feller properties and gave the Dirichlet forms corresponding to X and Y. When the support of the Radon measureµ corresponding to the time change does not coincide with I, the Dirichlet form E corresponding to Y is represented as a symmetric bilinear form possessing jump terms (see Theorem 5.6 of [5] ). It is interesting that Theorem 2 below is valid for Markov processes corresponding to such Dirichlet forms. Fukushima and Oshima obtained a recurrent criterion for the skew product of recurrent diffusions (see Theorem 7.2 of [3] ). By using their criterion, we can show that the skew product X is recurrent if sR(4) = -Dc and sR(/2) = Do (see Remark 5 below) . In this paper we however give a direct proof of our necessary and sufficient condition by means of eigenfunction expansion for transition probability density of X.
We next turn to a time changed process of X. Letµ be a non-trivial Radon measure on I and set and M. TOMISAKI [Vol. 87(A).
We denote by T (t) the right continuous inverse of g(t). We consider the time changed process Y = [Y -(RT(t), ef(T(t))), P(Yr61) = P71,1 0 Combining some results of [4] with Theorem 1, we obtain the following Theorem 2. The time changed process Y is recurrent [resp. transient] if and only if sR(li) = -Do and sill (l2) = oc [resp. 5R(11) > -oo or sill (l2) < Do].
2. Proof of Theorem 1. The semigroup t > 0} corresponding to the skew product X is given in [5] , that is,
for t > 0, (r, 0) E I x Sd -1, and f E Cb(I x Sd-1).
Here dme is the surface element of Sd-1 so that dme = 27d/2/F(d/2) is the total area of the sphere Sd-1, (t, 8, y) is the transition probability density of e; Sin (n = 0, 1, 2, • • , / = 1, 2, • • , K(n)) are spherical harmonics; 'yo = n(n d -2)/2 and (1) is reduced to the following (2) harmonics. Let C'ir',[x] be the Gegenbauer polynomial of degree n and order 3, that is, it is defined by the generating function (3) (1 -2xt t2)-13 = Ec3[X]tn, n=0 0, < 1, < 1.
We can take x = 1 in (3) so that ,
Esni(e)sni(0), e,77 c 5" where y) is the inner product. We get (6) from (7). We also note the following (8) E k(n)t" = (1 + t)(1 -t)" d > 2, < 1. Here is the proof of (11). Let R be the one dimensional diffusion process on I with the scale function 8R, the speed measure mR and the killing measure v/4. We denote by /5(t,r,e) and Co the transition probability density of R and the 0 order Green operator corresponding to R, respectively. We note that there exists the 0 order Green operator because the killing measure v/4 is not null. Therefore Recurrence/transience criteria for skew product diffusion processes Tv product diffusion processes 121
EpR [foc-ff(Rt)e(t)/4dt T JO5V, r, dmR (Q dt LI Oof(r) < 00, which shows (11).
By means of (9), (10), and (11), and by the monotone's convergence theorem, we see that lim sup (27-f (r, 0)
This implies the conclusion of the lemma. ^ By means of (1), we see that /3.,xf(r,61)1 < sup (T ,0),I xsd_I f (r, 0)L Therefore we have the following lemma. (15) P(Yre)(Yt E A2 x B2) dp, 0 dm° (r, 0)
ireAl. OeBi. OGB2EPIR[IA, (RTiPe(f(rt), 074°)] X dp(r)dme (0)drne (cp).
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Since [RT,P,R. ] is a one dimensional generalized diffusion process on I, we see that (16) PrR(RT, E A2) > 0, r E A1, t > 0.
We also see that 
